The exact probability, dependent on the matrix structure, is given that the block Wiedemann algorithm correctly computes the leading invariant factors of a matrix. A tight lower bound, structure independent, is derived.
Introduction
For prime power q, let F denote a finite field of cardinality q. Let A be a n ⇥ n matrix over F and let U, V 2 F n⇥b be chosen uniformly at random. The Wiedemann (b=1) and block Wiedemann algorithms compute the minimal generating polynomial, G 2 F[x] b⇥b , of the sequence S = {UA i V } i for i = {0, 1, . . .}. This means that det(G) 6 = 0 and P d i=0 S k+i G i = 0, for all k 0, where d = deg(G), and with deg(det(G)) minimal [6, 2] . The i-th largest invariant factor of G divides the i-th largest invariant factor of xI A, and are generically equal [4] . By Zippel/Schwartz over large fields equality is likely for random projections. In view of this observation, we call the generating polynomial, G, r-faithful if its r largest invariant factors are the r largest invariant factors of xI A.
In this report we develop an exact formula, applicable over all finite fields, for the probability, P b,r (A), that G will be r-faithful when the eigenstructure of A is known. We also develop a sharp lower bound, P q,b,r (n), on the probability that G is r-faithful when only q and n are given in advance. That is, P q,b,r (n) = min A2F n⇥n P b,r (A). Knowing P q,b,r (n) allows b to be computed such that P q,b,r (n) p for any desired probability p. This is an extension of our previous work in which we presented formulas for P b,1 (A) and P q,b,1 (n) [3] .
Wiedemann and Coppersmith developed their algorithms for the purpose solving linear systems and weren't explicitly concerned with determining invariant factors. Prior analysis of the block Wiedemann algorithm was motivated by this problem, and is therefore one-sided (asymmetric in the treatment of projection from left and right). Villard [5] gives a bound on the probability, given X 2 F b⇥n and Y 2 F n⇥m chosen uniformly at random, where b m, that the minimal generating polynomial of {XA i Y } i is mfaithful to the minimal generating polynomial of {A i Y } i . An exact formula and tighter bound for this probability are given in [1] . These analyses are dependent on b m and the minimal generator of {A i Y } i having at most m nontrivial invariant factors, thus eliminating the "pathological" case discussed in [2] . Therefore, they do not speak directly to two sided analysis for situations in which xI A has more than b nontrivial invariant factors.
In developing our formula for P q,b,r (n) = min A P b,r (A), we show that the minimum is achieved at a matrix B 2 F n⇥n for which xI B has exactly r nontrivial invariant factors. The worst case of P b,r (A) occurs, therefore, in a case (no more than b invariants) covered by a formula given in [1] . It follows that (the square of) a bound they give, ranging over all few-invariant matrices, applies as well to P q,b,r (n), a bound ranging over all n ⇥ n matrices. It is important for our purposes to have a probability bound that applies without regard to the matrix structure and that quantifies the increased confidence achieved in computing r invariants by selecting b somewhat larger than r.
Probability Analysis
The probability P b,r (A) = P b,r (J) where J = i,j J f e i,j i is the generalized Jordan normal form of A, and f i 2 F[x] are distinct irreducible polynomials and J f e denotes the generalized Jordan block associated with f e . Theorem 1 reduces the computation of P b,r (J) to primary components, and Theorem 2 provides a recurrence relation to compute this probability. The base case of the recurrence uses the probability that the sum of random t outer products has rank r. Let Q q,b,t (r) denote the probability that the rank of the sum of t outer products of random vectors in F b q is equal to r. A formula for Q q,b,t (r) is given in [3] . 
Using this theorem, a formula for P q,b,r (n) can be derived. The worst case occurs when exactly r copies of distinct irreducibles that fit are included along with t < r copies of a last irreducible. Since r  b, the bounds given in [1] apply to P b,r (A) and are given in A plot is given in Figure 1 showing the worst case probability of failure, (1 P q,b,10 (10 8 )), vs block size, b, for the field cardinalities 2, 3, 5, and 99991. For example, this shows that a block size of a little over 30 provides a probability of failure of no more than one in a million.
